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The binary scattering amplitude matrix is derived from the general interaction potential between 
linear molecules. The first order distorted wave Born approximation (DWBA) is used which is 
applicable for small nonsphericity of the interaction. The molecular cross sections determining the 
most important Waldmann-Snider collision integrals are calculated. In particular, the scattering 
cross section, the orientation cross sections for vector- and tensor polarization and the reorientation 
cross sections for the tensor polarization of the rotational angular momenta are treated. For a 
simple interaction model for HD (HT) molecules the DWBA-scattering amplitude is evaluated 
analytically. The relaxation cross section of the tensor polarization, oT, and the coupling cross 
section of friction pressure tensor and tensor polarization, ov>T, are calculated for room temperature 
and compared with experimental values. 

Introduction 

In a preceding paper collision integrals of the 
linearized Waldmann-Snider2 ' 3 collision (super-) 
operator have been discussed. They are of crucial 
importance for all transport and alignment phe-
nomena in dilute molecular gases. The connection 
of these collision integrals with various types of 
molecular cross sections has been elucidated. These 
molecular cross sections are bilinear in the binary 
scattering amplitude which is a matrix with respect 
to the magnetic quantum numbers characterizing the 
degenerate rotational eigenstates of the molecules. 

The present paper is concerned with the calcula-
tion of this scattering matrix from the general non-
spherical interaction potential between linear mole-
cules. The first order distorted wave Born approxi-
mation (DWBA) 4 is used which is applicable if the 
nonspherical part of the interaction is small com-
pared with the spherical part. The DWBA-scattering 
amplitude is subjected to a partial wave decomposi-
tion. This enables one to apply the Racah techniques 
to the evaluation of the various molecular cross 
sections. They are essentially determined by radial 
integrals involving the radial part of the nonspheri-
cal potential and the solutions of the scattering 
problem governed by the spherical potential. 

In particular, the unpolarized scattering cross 
section, the orientation cross sections for vector-
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and 2n d rank tensor polarization (separated into 
parts linear and quadratic in the nonsphericity) and 
the reorientation cross sections for arbitrary rank 
tensor polarization of the rotational angular mo-
menta are studied. In the Waldmann-Snider collision 
integrals only cross sections integrated over the 
solid angle ("total cross sections") enter; the under-
lying differential cross sections are somewhat lengthy 
expressions and therefore listed in the Appendix. 

As an application, the radial integrals are ana-
lytically evaluated for a simple interaction model of 
HD (HT) molecules ("rigid loaded spheres"). The 
pertaining scattering amplitude matrix is used to 
calculate the effective relaxation cross section of the 
tensor polarization oT, and the effective coupling 
cross section of tensor polarization and friction 
pressure tensor, oT>i, for room temperature. No ad-
justable parameter appears. The results are com-
pared with experimental values taken from the 
Senftleben-Beenakker effect of the viscosity5 and 
from the depolarized Rayleigh line width6 . The 
agreement is good for oT and satisfactory for oT^ . 

I. Nonspherical Interaction between Linear 
Molecules and Scattering Amplitude for Small 

Nonsphericity 

1. Nonspherical Potential 

Consider two interacting linear molecules. The 
vector connecting their centers of mass, pointing 
from molecule 2 to molecule 1 will be denoted by 
r = rr ( r is the corresponding unit vector). The 
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unit vectors in the directions of the respective mole-
cular axes are denoted by tlj and U2 . The inter-
molecular potential, as a scalar, depends on the 
scalars r, Ux r, U2 • T, U1U2 . With respect to its 

where the Y;m are spherical harmonics and 
(lm,V m \LM) is a Clebsch-Gordan coefficient. Be-
cause of the Clebsch-Gordan coefficient (10,1'0 LO) 
the function PN'L vanishes unless l + l' + L is even 
and ] I — 11 ^ L ^ I + / ' . The functions (1.1) re-
duce in some special cases to ordinary Legendre 
functions and may thus be called "Generalized 
Legendre Functions". These special cases are 

Piol ( M i ,U2,R) =PL(U1-R)dll, ( 1 . 2 a ) 

POIL (UT, u 2 , r ) = PL(Uo • R) DLL, ( 1 . 2 b ) 

Pu'o{Ui,u2,r) = (2l + i)-1Pi(u1-u,)dll'. 
(1.2 c) 

In particular, one has P0 0 0 (M1, U2 , r) = 1. 

The nonspherical potential V(U1,U2,r) is ex-
panded as follows: 

30 OC 

F ( M 1 , u 2 , r ) = 2 I V"'L (r)Pn'L(Ul,u2,r) 
l = 0 1,1- 0 

= f / o ( ^ ) + ^ n s p h ( U 1 , M 2 , r ) , (1.3) 

where V0(r) = V000(r) is the spherical part and 
Fnsp], is the nonspherical part of the potential which 
is obtained if in (1.3) only pairs ( / , / ' ) =4= ( 0 , 0 ) are 
considered. As examples, two terms of the series 
(1.3) represent the dipole-dipole and the quadru-
pole-quadrupole interactions, viz. 

^d,tf(ulsii2,r) =-3d1d2r~^Pn2 ( u l 5 u 2 , r), 

( 1 . 4 ) 

where d±,d2 are the molecular dipole moments, and 

Vq,q(u19 u 2 , r ) = f I Q 1 Q2 r _ 5 P 2 2 4 ( M 1 , u 2 , r ) , 
( 1 . 5 ) 

where Q x , Q 2 are the molecular quadrupole mo-
ments. Expressions for the dispersion potential8 

(interaction between induced multipoles) and the 
induction potential8 (interaction between perma-

angular dependence it can be expanded into a com-
plete set of functions of Ux r, U2 • f , U1U2. The ex-
pansion coefficients are functions of the distance r. 
Such a complete set is given by the functions 7 

(1.1) 

nent and induced multipoles) in terms of the Pu'l 
have been given in Reference The radial coeffi-
cients Vll L(r) are thus known to some extent for 
the long range part of the interaction, but very little 
information is available on the short range part of 
the potential. Here often models (Morse potential, 
Lennard-Jones potential) are used. The nonspherical 
potential (at least its short range part) is then often 
approximated by the first terms of the series (1 .3 ) , 

V(ui,u2,r) =V0(r)+VL(r) [PL(itrr) 
+ {-l)LPL(u,-r)], (1.6) 

with suitable functions V0{r) and VL(r). Since for 
homonuclear molecules the potential must be sym-
metric with respect to an interchange U1 < — > — l*! , 
Uo — > — Uo, one has L = 2 while for hetero-
nuclear molecules L = 1 should be taken. 

The form of the potential (1.6) can be well under-
stood in the case of molecules with small excentri-
city of their center of mass, e .g . H D 9 : It is as-
sumed that the potential between Ho molecules and 
HD molecules is the same considered as a function 
of the vector connecting the geometric centers of the 
molecules (because of the same electron c loud) . If 
the Ho — Ho potential is taken as spherical and is, 
for HD, transformed into a function of the vector 
connecting the centers of mass one finds the potential 

V(ut,u2, r) = V0(r) + (dVjdr) d[P1 (Ul r) 
- P J U O - F ) ] ( 1 . 7 ) 

as a Taylor expansion up to terms linear in the ex-
centricity d. The spherical H2 — H 2 potential has 
been denoted by V 0 . The excentricity d is deter-
mined by the equilibrium distance b of the atoms in 
the molecule and by the atomic masses m1 and m2: 

d = b (m2 — mx) 12 (m2 + m^ . (1-8) 

A potential of the form (1.7) with suitable V0(r) 
will be used in Sect. I l l in explicit calculations for 
H D and HT. 

Pu-l(uu U 2 , f ) = (4 n)3 /2 [ (2 Z+ 1) ( 2 r + l ) ( 2 L + l ) ] - 1 / 2 (10,V0\L0) 
• 1 ( 1 {lm,l'm' |LM) Ylm(uxV yr™'(u2)MyLA/(f) , 

.1/ \ m, m' 1 



119 W. E. Köhler • Waldmann-Snider Collision Integrals 

2. Scattering Amplitude in the Approximation 
of small Nonsphericity 

To develop a scattering theory for linear mole-
cules we first introduce a nonsphericity parameter 
£ by 

^nsph = eV (1.9) 

where V is assumed to be of the same order of 
magnitude as the spherical potential V 0 . If the 
nonspherical part of the potential is small compared 
with the spherical part on the average (e. g. if 

oo oo 
I / ^nsph dr | ^ \fV0dr\ provided that the integrals o o 
exist) one has £ ^ 1. In the following we restrict 
ourselves to this case of small nonsphericity. 

The binary scattering operator T is connected 
with the interaction potential V of Eq. (1.3) by the 
operator equation 4 

T =V + V(E — H + i r j ) V , *?-> + 0 (1.10) 

("formal solution" of the Lippmann-Schwinger 
equation). The total energy of the molecules is E 
and H = K + Hmt + V0 + f̂ nsph is the total Hamil-
tonian; (E — H + ir])~1 is the pertaining Green's 
operator for outgoing spherical waves at infinity. 
The operator of the kinetic energy of the relative 
motion is K and Hint = h2 {J2 + / 2 2 ) / 2 Q is the 
internal rotational Hamiltonian of the linear mole-
cules with rotational angular momenta J l 5 J 2 and 
moment of inertia 0 . 

As £ 1 is assumed, an expansion of T in powers 
of £ can be truncated after the term linear in £: 

T = T0 + eT1 + O(e2) . (1 .11) 

Insertion of (1.11) and (1.9) into Eq. (1.10) and 
comparison of terms with equal power in e yields 

T0 = V0+V0(E-Hc+iv)~iV0, (1.12) 

eTx=[l + VQ{E-HQ (1.13) 
+ i v)^nsph [1 + (E - H0 + irj) -1 V0] . 

Here H0 = K + Hmt + V0 is the Hamiltonian corre-
sponding to a spherical interaction and (E — H0 

+ ir j )~ 1 is the pertaining Green's operator. Equa-
tion (1.12) represents the formal solution of the 
Lippmann-Schwinger equation for the scattering 
problem governed by the spherical potential F 0 . 
In the approximation of small nonsphericity, ex-
pressed by Eqs. (1.11) — (1.13) the scattering op-
erator T0 has to be calculated exactly and the non-

sphericity is treated in first order perturbation 
theory. 

The scattering amplitude a(k, k') is connected 
with the T-operator by 

a(k,k') = - (m12/2 Jt h2) (k\T\ k') , (1.14) 

where (r j k) = exp { i k-r} is a plane wave and 
m12 = m/2 is the reduced mass. By use of the two 
particle projection operator P1^1 acting in rotational 
angular momentum space 

Phh = 2 l / ' i h m 2 ) ( / l m i » / 2 m21 

(| /*! TO15 / 2 TO2) being eigenstates of the single 
channel scattering amplitude 

ah h, h' h' = ph h a ph' h' (1.15) 

is introduced. It describes a transition j/ + j2' —> 
/ i + /*2 i n rotational quantum numbers, is still a 
matrix with respect to magnetic quantum numbers 
and is the quantity which essentially determines the 
Waldmann-Snider collision term1. After Eqs. (1.11), 
(1.14), (1.15) it can be decomposed into two 
parts: 

ah it, ;Y it = a0 Pi* <5>'< d^ + a}1 h ' ; V . ( 1 . 1 6 ) 

InEq. (1.16), the first term 

a0(k, k') = - (m12/2 jih2) (k\T0\k') (1.17) 

is the scattering amplitude due to a purely spherical 
potential. The (5-symbols and the projection operator 
occurring in (1.16) express that the spherical part 
of the interaction cannot induce transitions between 
different rotational eigenstates. The second term 
ahii,iiit = _ (mi2/2nh2) 

fc'), (1.18) 

with 7T it it, ii'it 

•€(k\T{J»h'h' 

= phh Tt ph'i* t i s the part of the 
scattering amplitude connected with the nonspheri-
city of the interaction. 

Since the operator (E — H0 + it])~i is diagonal 
in the rotational eigenstates one has 

(.E-H0 + irj)_1 \j1m1,j2 m2) (1.19) 
= (h2 k2/2 TO12 — K — V0 + i rj)-1 | mx,j2 m2) . 

In (1.19), h2k2/2m12 = E-E(j±)-E(j2) denotes 
the kinetic energy of the relative motion after the 
collision and 

£ ( / ) = f e 2 / ( / + l ) / 2 6> (1.20) 
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the internal energy of a molecule in the rotational (1.12), (1.13), (1.21), Eq. (1.17) can be rewritten 
state j. It is now convenient to introduce states as 

\x(k±)>=[l + (hn2/2mi2-K-V0±ir1)-iV0]\k) a0(k,k') = - (m12/ 2 * h2)(k | V0 | > (1.22) 
(1 .21) 

with k'- = A;2. (1 .22a) 
which are solutions of the scattering problem gov-
erned by the spherical potential V0 and which obey In the same way and with (Eq. (1.3) the "non-
the boundary condition of plane waves plus out (in-) spherical" scattering amplitude, Eq. (1.18) can be 
going spherical waves at infinity. By use of Eqs. written as10 

(k,k') = - (m12/2jih*)I T ( x r } \Vu'L(r)Pyj?'*K ) (1.23) 
L 1,1 

with k'2 = k2 + (2m12/h2)[E(j1) +E(j2) -£(//)-E(j2')] . (1.23a) 

For further evaluation of the term P\VLU H" the "projected spherical harmonics" Y*M = P^YIMP' 
have to be considered. With Clebsch-Gordan algebra one obtains 7 

Yim (U)tf' =V(2 j + 1)/4vT (/ 0, Z 0 | / 0) Tim , (1-24) 

where T\'m is a spherical tensor operator of rank Z acting on rotational states. It is defined by. 

T l = I ( - 1 ) ' - " ( / m, j - m" | Im) \jm"){j'm'\. (1.25) 
m'. rn" 

Properties of these tensor operators are listed in the Appendix A. Observing Eqs. (1.1) , (1.25), we can 
again rewrite Eq. (1.23) as 

ahi,h'W f k k ) _ _ "hi v y>( (2 A + 1) (2 /2 + 1) V/l 

1 V „ h 2 f fy \ (2 / + 1 ) ( 2 Z' + 1) (2 L + l) J 

' (A 0, Z 0 ] ji 0) (j2 0, Z' 0 | j2 0) (Z0,Z '0|L0) (1.26) 
2 2 (lm,l'rn'\LM)Tttr Tfä (r) YLM (?)| y^ ) . 
M m,m' 

The first two Clebsch-Gordan coefficients in (1.26) vanish unless 

! A - A ' ! ^ I ^ A + A ' > A + ii+l even> 

l/s-yVI^i'^/a + yV» j2 + j2+l' even. (1.27) 

Equation (1.27) expresses the selection rules for the rotational transitions. 
For a simplified potential Eq. (1.6) (pure P^-terms) one has only two contributions, viz. for l = L,l = 0 

and Z' = L, Z = 0. In this case the scattering amplitude (1.26) reduces to 

aUh.'h' W = _ [ m i s f ^ h 2 (2 L + 1) ] T [V2 A + l ( A 0, L 0 | A ' 0 ) P d i ' P h d ^ ' 
M 

+ ( - 1 ) ^ 2 / 2 + 1 (A 0, L 0 | j2 0) T^ Pi>öhh']{x(-) | ^ ( r ) F i A / ( f ) | ^ ) ) . (L28) 

Because of the ^-symbols, only one of both molecules can change its rotational state in a collision. 

3. Partial Wave Decomposition of the DWBA Scattering Amplitude 

For the calculation of cross sections it is useful to decompose the scattering amplitude into partial am-
plitudes. This allows the separation of the scattering geometry from the dynamics. For the "spherical part" 
o0 of Eq. (1.17) this is a well known procedure4 ending in 

a0(k, e e') = I eW)sin Mk) I Yln ( c ) Yjm(e) . (1.29) 
K 1 = 0 m 
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Here, e and e ' are the directions of the wave vectors k and k', respectively, and S/(k) are the phase 
shifts produced by the spherical potential. For a corresponding treatment of the "nonspherical" scattering 
amplitude a, of Eq. (1.26), the distorted waves have to be decomposed into partial waves: 

Z(v+) (r) =4af il x{+) (k',r)2YJm (e')Ylm(r). ( L 3 0 ) 
l = 0 m 

The partial waves yj [k',r) are solutions of the radial Schrödinger equation 

{4r + k'*--l(l+l)/r°- -2 mi2V0(r)/hs}Xl + ) (k' ,r ) = 0 . (1.31) 
They obey the boundary condition at infinity 

X(i+) (k',r) ~ nik'r) + (rl/k'r) e«< sin dieik'\ ( 1 . 3 2 ) 
r-*oo 

where ji(k' r) is a spherical Bessel function. The partial wave expansion of the plane wave e x p { z f c ' f * } 
is obtained from (1.30) if one replaces Xi + ) (k\r) by ji(k'r). 

Now we insert the expansion Eq. (1.30) for (r) (with / / as summation index) and the correspond-
ing one for (r) (with I as summation index) into Equation (1 .26). If we observe the relation 4 

7V (r)* = x<^ (r), 
we obtain the following expression for the relevant matrix element occurring in Eq. (1.26) 

oc 
(X(-)\V"L (r)YLM(r)\x<kV) = (4ji)W(2L + l)-^ 2 {V%P (k, k') 

•ix'~x ]/(2 A + 1) (2 A' + 1) (A0 ,A '0|L0) 2(Xfi,X'f*'\ LM)Yllt(e)YlV{e')}. (1.33) 

In Eq. (1.33), the spherical harmonics and the Clebsch-Gordan coefficients represent the scattering geom-
etry while the dynamics are contained in the radial integrals 

oo 

VlnL (k, k')=Vltt {k',k)=fx[+) (k, r) VllL ( r ) x ^ (A: ' ,r)r2dr, (1.34) 
o 

whidi involve the radial parts of the nonspherical interaction and the partial distorted waves. In the case of 
energetically elastic scattering (k2 = k'2) one has 

VnL (k) = VlH (k) . 
Notice that — + and that 2 + + L has to be even. In Sect. Ill the integral (1.34) will 
be evaluated analytically for a simple potential model ("rigid loaded spheres") for HD(HT) molecules. 

II. Molecular Cross Sections 

In this section the molecular cross sections determining the Waldmann-Snider collision integrals (cf. I) 
are calculated from the DWBA scattering amplitude Equation (1.16). By use of its partial wave decompo-
sition, Eq. (1.33), and some Racah algebra the cross sections can be given as Legendre-polynomial series 
2 OR PR(COS$) , w h e r e = arc cos 6 • E' is the angle of deflection. The expressions for these differential 
cross sections are a little bit lengthy. Therefore it seems to be reasonable to present in this section only 
total cross sections (differential cross sections integrated over the solid angle) explicitly. Indeed, only these 
are needed for the collision integrals. The underlying differential cross sections are listed in the Appendix B. 

1. Scattering Cross Section 

First, the differential scattering cross section 

o i h i i J i h ' ) = (* ' /* ) ( 2 / i + I ) - 1 ( 2 ; 2 + l ) - 1 t r 1 t r 2 a1h'h' ,hh] (2.1) and (12.20) 
is considered. It equals the "unpolarized" differential scattering cross section for the inverse collision proc-
ess 7i + jo ji + ) { averaged over initial and summed over final magnetic quantum numbers. The trace 



122 W. E. Köhler • Waldmann-Snider Collision Integrals 

in spin space is denoted by " t r " . Here and in the following we refrain from explicitly writing down the 
arguments k, From Eq. (1 .16) one infers that 

0 ( A k»/V it) = ao öiiix dhu + til it, h it) » (2-2) 

with o0 = ] a0 2 , (2.3 a) 

o 1 = ~ ( 2 j 1 + l) - 1 (2 j2 + 1) - 1 trx tr2 [ a p ' ' V ; V a I ; V ; V ' 7 l 7 ' s ] . (2.3 b ) K 
Here, a0 is given by Eq. (1 .29) and ax by Eq. (1 .26 ) . Note that a contribution to o bilinear in a0 and ax 

does not occur. This follows from 
trx tr2 '«'JV ] = 0 , 

which is due to Eq. (1 .26) and the trace property (A 2 ) . 
After Eq. ( 1 .29 ) , the total scattering cross section in "spherical approximation", 2 n f o 0 sin $ d# , is 

fully determined by the phase shifts dt. For the calculation of ox which is of second order in the non-
sphericity some Racah algebra is necessary (cf. Appendix B ) . The collision integrals determining the scalar 
transport phenomena contain in general total cross sections of the form 

n 
2nfo (j1 j2, /V j2) PK (cos # ) sin # d # . 

o 
The part involving the cross section a0 is well k n o w n 1 1 ' 1 2 for K = 0 , 1 , 2. From (B 1) one obtains 

2 * f a , PK( cos 0 ) sin 0 d # = ^ ^ r r 2 2' (A 0 , 1 0 | A ' 0 ) 2 
o h*{z k + i.)k l 

tit o, r 0 I j2 0 ) 2 2 Re [VSL Vlli* ] . (2.4) 
IVLK ** ^ ^ The Axx'XtX/ are geometry coefficients given by 

AnL*x> = [ ( 2 Z + 1 ) ( 2 Z ' + 1) (2 L + 1) ] _ 1 (Z0, Z' 0 | L O ) 2 ( X 0 , /I' 0 j L 0 ) ( ^ 0 , V 0 | L 0 ) (X 0, Xx 0 | £ 0 ) 
( r 0 , V 0 | £ 0 ) ( 2 X + 1) (2 X' + 1) ( 2 1 1 + 1 ) ( 2 2 1 ' + 1) ( - 1) W ( X X ± X' V ; KL) , (2 .5) 

where W ( . . . ) is a Racah coefficient1 3 and X + X' + Xx + Xx is even. 
To achieve a shorter notation the arguments A • • • it a r e omitted in the l.h.s. of equations expressing total 
cross sections. 

The important special case £ = 0 of Eq. (2.4) yields the total cross section the inelastic part of which 
determines the temperature relaxation coeff ic ient1 : 

n 4 jt m 2 h' 
2 vt / a1 sin d $ = ™ 2 2 ' [ (2 I + 1) (2 X + 1 ) ( 2 L + 1 ) ] " 1 

o n* K L 1,1' 

(A 0 , Z 0 | A 'O) 2 ( A 0 , Z ' O l A ' O ) 2 ( Z 0 , Z ' 0 | L 0 ) 2 2 (2 X + l ) (2A ' + 1) a 0 , r 0 | L 0 ) 2 | F ^ | 2 . (2.6) 
xx' 

For a pure P^-potential as given by Eq. (1 .6 ) , Eq. (2.6) reduces to 

•T 4 Jt m2 k' 
2n f ot sin-^ d $ = h , ( 2 L + 1 ) 2 k [ (A 0, L0 |A' 0 ) 2 diM + (jt 0 , 1 0 | j2 0 ) 2 djxjx> ] 

• 2 (2X + l)(2X' + l) (X0,X'0\L0)*\VU'L\2. (2 .7) 
XX' 

For the case L = 1 which is explicitly treated in Sect. I l l , the ^.'-summation gives 

2 (2A + 1)(2*'+1) a0,r0|L0)2|FffL|2 = 3 2a+l)(|^01
+ i | , + |Fi"u-|»). (2.8) 

XX' x = o 
Equation (2.7) together with Eq. (2 .8) is analogous to the well known expressions for the total transport 
cross sections in terms of phase shifts occurring with the monatomic Boltzmann equation 12, and is appro-
priate for numerical evaluation. 
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2. Orientation Cross Sections for Vector- and Tensor Polarization 

The orientation cross sections for vector and 2nd rank tensor polarization are of crucial importance for 
all direct and indirect nonequilibrium alignment phenomena x. They determine the ensueing coupling coef-
ficients between classical moments (heat fluxes, friction pressure tensor) and rotational angular momen-
tum polarizations. The relevant orientation cross sections, introduced in I, are: 

O r i e n t a t i o n c r o s s s e c t i o n f o r t h e v e c t o r p o l a r i z a t i o n 

o(n] ( A / W i ' / V ) = ( 2 / i + i r 1 (2 /2 + 1 ) - 1 - y V/3 tr l tr 2 [auh,h'h' ath'i.',U.J^n] , (2.9) 

with Jl = e ' x e / s i n $ being a unit vector normal to the scattering plane. 

O r i e n t a t i o n c r o s s s e c t i o n s f o r t h e t e n s o r p o l a r i z a t i o n * 

Oee} ( A / W i ' / V ) = ( 2 A + 1 ) " 1 (2 /0 + 1 ) - 1 (k'/k) V^f trx tr2 [ V ^ V ; Y a^^^J1/tJlv'eßev] , (2.10) 

UiitJih) = (2 / i + 1 ) ( 2 /'2 + 1 ) ( k ' / k ) ^ t r l t r 2 [ a ^ V ; Y a t i ^ V - i . / . / ^ / ^ . e ; ] , (2.11) 

and öe'e'• The superscript 1 refers to the polarization of particles 1 (Jx occurs under the trace!) after the 
collision. 

For the further treatment it is convenient to write the scalar products occurring in Eqs. (2.9) — (2.11) 
in spherical rather than in Cartesian tensor notation in order to apply the Racah technique. The following 
equalities have to be observed: 

pi J nPi sin ^ l / 2 ( 2 { + 1 ) <70 (7) 2 (1 q, 1 q 11 Q) Yl9(e) YW(e') 7 % , (2.12) 
6 \ 3 qq'Q 

P j J J v P U ß e v = & 1 /4^ (27 + 1 ) ^ ( 7 ) 2 Y2Q(e)TVQ , (2.13) 
Q 

and 

P* JßJyPi e^ e/ = - I (lq,lq'\2Q) Ylq(e) Yw(e') T}JQ . (2.14) 
o y 15 

i 
The abbreviation 9i2(j) = FI 

Z' = 0 

r tr 
7(7 + D - - + 1 (2.15) and (12.34) 

has been used. Furthermore, it is appropriate to introduce the spherical Kth rank orientation cross section 
tensor 

" KQ (A hJi it) = (2 h + 1 ) ( 2 72 + 1 ) ( * ' / * ) t r i tr2 T^q ] . (2.16) 

From Eqs. (2.12) - (2.14) the notation of the orientation cross sections (2.9) - (2.11) in terms of o[q, 
Ozq is then obvious and we refrain from writing down the corresponding expressions. 

a) C o n t r i b u t i o n s l i n e a r i n t h e n o n s p h e r i c i t y 

For energetically elastic collisions an interference term between spherical and nonspherical parts of the 
scattering amplitude occurs in (2.16) : 

Aq (A h) = (2 71 + 1 ) ( 2 72 + 1 ) t r ! tr2 [ (a*0 a?&hh + a0 a\hh'hh ) T^q ] . (2.17) 
It is responsible for orientation cross sections linear in the nonsphericity which are indicated by the left sub-
script 1 (order of nonsphericity). From Eqs. (1.26) and (A 2) follows that (2.17) vanishes unless l = L = K 

* The sign " -—< " refers to the symmetric traceless part of a tensor. 



124 W. E. Köhler • Waldmann-Snider Collision Integrals 

and l' — 0. Using Eqs. (1.29) and (1.33) and Racah algebra we obtain 

j ö i ä O ' i ) - - 8 ^ ( 2 K + i r 3 / 2 ( 2 / i + l ) - 1 / 2 (A 0 , ^ 0 IAO) 2 B i ^ v i s a . 

R e [ e - ^ i n < 5 , . , F £ ' * ] 2 ( V ' i ^ i V i ' l K Q ) Yhßl(e) Yh'Hl>(e') . (2.18) 

In (2 .18) , Btt'itli'Kit is a geometry coefficient given by 

B u w KI, = (2 X + 1 ) (2 r + 1 ) (2 X2 + 1) ( - 1 + W + ( / 0, r 0 I A: 0) 
(A o, a2 o | xx o) (/ ' o, x2 o | o ) w(x x' xx V ; kx2) . (2.19) 

Since this coefficient is symmetric with respect to an interchange X < — > - X', X1 < — > X / , and since V ;;.0/v = 
KOK (1) 

Vx x one can easily show from (2.18) that xokq is symmetric in e and <?'. 
For K = 1 the coefficient (A 0 , 1 0 J jx 0) vanishes. This implies that 

1o'n) = 0 , (2.20) 

i. e. there is no orientation cross section for the vector polarization linear in the nonsphericity. After 
(1 .3 .38) , the coupling between azimuthal polarization and rotational heat flux is at least quadratic in the 
nonsphericity. 

For K = 2 one has (A 0, 20 ] jx 0) = — \ g0
2 (A) / gx (A) and xo j>Q is nonzero if the intermolecular poten-

tial contains a P2(ux • r ) -term. As a consequence, nonvanishing orientation cross sections xoe^ , j ö ® ' , and 
xOee' exist. But only two of them have to be considered since from the symmetry of 4ö2Q in C and e ' also 
the following symmetry relation can be derived: 

l^e'e' = l^ec • {Z.ZL) 

From Eqs. (2 .18) , (2 .13) , (2.14) and (B 3, 4) and after evaluation of the solid angle integration and the 
A-summations as far as possible one obtains the total orientation cross sections needed for the Waldmann-
Snider collision integrals: 

O r (D • 6 7 l m , -n v U + l ) ( A + 2) 2 Jl f xOee s m ^ d ^ W ^ y i ( y 1 + 1) 2 0 2 A + 3 ( 2 2 2 ) 

{3 ( ^ ^ S ) R e [ e ~ s i n ^ + 1 V ™ n +1 ] - R e [ ( e " ^ s i n ^ + e ~ s i n ^ • 2) f U l 2 1 } , 

and 

(i) 2 Jim , , . , , ~ a + l ) ( A + 2) 2 n l t U . W K S A ( A + D I 2 1 + 3 (2.23) 

l - o T ^ f R e s i n + + 1 4 = ^ Re sin dl + i VT!n + i] - 6 Re [ e ' ^ s i n + ] V?ä2] }. 
( 2 A + 1 Z A + 5 J 

The expressions (2.22) and (2.23) have previously been used by the author 14 to calculate the effective 
coupling cross section of the Kagan vector1 and the rotational heat flux, eloA''9r"t (I 3.42), for p — H2 at 
room temperature. 

b) C o n t r i b u t i o n s q u a d r a t i c i n t h e n o n s p h e r i c i t y 

To calculate the orientation cross sections quadratic in the nonsphericity one has to start with the corre-
sponding part of the spherical tensor (2.16) , 

2 oil (hit, hi*') = ( 2 A + 1 ) " 1 (2j2+l)-Hk,lk)tt1tr2[a{^hh' a\h'U'^h T^q ] , (2.24) 
with a1 given by Equation (1.26). The left subscript 2 again indicates the order in the nonsphericity. There 
are, in general, contributions to (2.24) from elastic and inelastic collisions. From Eqs. (1 .26) , (1.33) . 
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(2.24) and with the use of Racah algebra one finds 

4 ci mr k' 
20% ( A 7 2 w V ; V ) = h i J c - I I [ ( A o , / o | / V o ) ( A o , i t o \ A ' o ) ( A o , z ' o | A 'O) ; 

LL, IRIJT' 
(IVLii' \ I]' T 1 I T * t T - , - T/-1 L r/M '-i 

wih A 1 k; * A ' ) 2 c U i - L ^ w v i s v ü r 2 (r < 7 , / q ' \ k q ) yrq(e) r r V ( e ' ) . f 2 > 2 5 ) 
r , r ' A. / qq< V 

Here, a more complicated geometry coefficient appears: 

w ) = ( _ l ) K - L 1 + ( r - i + i l - v ) / 2 ( 2 U 1 ) ( 2 2 ' + 1 ) (2 ^ + 1) (2 / / + 1) ( /0 ,Z '0|Z,0) ( 2 2 6 ) 

(Zt 0, 0 | l x 0 ) w { l l 1 l l 1 ; k i ' ) (x 0, x' 0 | l 0) (xx 0, xx 0 | l x 0) (A 0, xx 0 | r 0) (1' 0, A/ 0 | r 0) j l 'Vr ' } , 
\LL,K 1 

where is- a 9 / - s y m b o l . 

First the case K = 1 is considered. From Eqs. (2 .25) , (2.12) the part of the orientation cross section of 
the vector polarization quadratic in the nonsphericity is obtained as 

2 a f,o',P sin 0 d& = - VJh + lg^h) 2 2 ' (A 0 ,10 | A ' 0) (A 0, lx 0 | /V 0) 
o 3n*k LL, zrz, 

^ (A A ; i A ' ) (A o, T o | A ' 0 ) 2 2 i m t C F t r ] . (2.27) 

To obtain (2.27) use has also been made of the antisymmetry of the coefficient (2.26) for A;=l in in-
terchanges ix' x1xx l x l x . Since (2.26) is antisymmetric also in xxxr<—> x' xx r but in the 
elastic case {k' = k) Vm' is symmetric, the cross section (2.27) vanishes for elastic collisions. Thus also 
quadratic in the nonsphericity elastic collisions do not contribute to the orientation cross section of the 
vector polarization. 

Next the case k = 2 is considered which yields the orientation cross sections of the tensor polarization. 
From Eqs. (2.10), (2.11), (2.13) , (2.14) and (2.25) the following total cross sections are found: 

2 . r f j £ s in0d& = ' I f / WV2j^i9l(A) 2 2 ' (A0,101A'O) (AO,hO|A'O) 
0 n K LL, IV I, 

w i h h l h ; 2/V) (A0,Z'Ol/VO)2 2 c f j f f i ' w ) R e [ v l x l ? ] , (2.28) 

and 
. . on -j. m 2 

2 7i / s o 2 sin 0 D# = v2 A + 1 ^ ( A ) 2 2 ' (A 0, i o | /V 0 ) (A o, o j A ' O) 
0 ÖN*K LL, ZZ'Z, 

• *HA A ^ i ; 2 A' ) ( A 0 , z ' o ! A ' O ) 2 2 cfu^xA R 6 [ ^ l ] . (2.29) 

The orientation cross section 2 ° e v needs not to be treated separately since from Eqs. (2.14), (2.25) and 
the symmetry of (2.26) in primed and unprimed / ' s and r's for k = 2 the symmetry relation 

Ä;2 2o(Jl (k, k') = k'2 2o£ (k\ k) (2.30) 

can be derived. Here, the notation oee(k',k) indicates that the sequence of arguments in V ^ ' , V i s 
{k',k) instead of (k, k') (which is tacitly understood if the arguments are missing). Because of (2.30) 
for elastic collisions also quadratic in the nonsphericity the relation 

(1) _ „(1) 2°e'e' — o ee 

holds. This implies that within the first order DWBA treatment only inelastic collisions contribute to the 
effective coupling cross section of friction pressure and tensor polarization, o1',T [Equation (13 .44) ] . 
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For later application to the HD-HD interaction finally an explicit expression for the total cross section 
(2.28) due to a Prpotential of the form (1.6) is given [I = = L = Lx = 1,1' = 0 in (2 .28 ) ] 

.(1) „a 4>Jtm2 k' 2 nf2o% sin # d$ = — 3 f e 4 / , V2j1 + lg1{j1) (A 0 , 1 0 I ; / 0 ) 2 W (A A 11; 2 / / ) <$,- ,y } 

l a + l ) a + 2) { ( 2 A + l ) - 1 |Fl° + 1 n | 2 + (2 A + 5 ) - 1 1 V]°+ix + 2 |2 - 6 ( 2 A + 3 ) R e l T l ^ i F j u a u i ] } • 
; = o 

Equation (2.31) is appropriate for further numerical evaluation. 

3. Reorientation Cross Sections for J-Multipolarizations 

Reorientation cross sections determine the relaxation coefficients of rotational angular momentum 
multipolarizations, e. g. oT, the effective relaxation cross section of the tensor polarization important for a 
lot of nonequilibrium alignment phenomena1. In I two kinds of molecular reorientation cross sections 
have been introduced — both vanishing for a spherical potential — namely 

reOK] = ( 2 1 ! ( 2 A + 1 ) - 1 ( 2 j2 + 1 ) y tr± tr2 [JUi..JUk [a\ JUL... J U K \ [ i , 

(2.32) 

= { 2 K + 1 ) U ( 2 A + 1) - 1 (2 j2 + 1) - 1 kk t f l tr, [JUl.--h»K t«+, h Z ^ h . J }±}>>hh~\ • 

(2.33) 

As can be seen from inspection of the traces, only the "nonspherical" part a1 of the scattering amplitude 
contributes to (2.32) , (2 .33) . The reorientation cross sections are thus of second order in the nonsphericity. 
For further evaluation of (2 .32) , (2.33) the following identity for scalar products of Kth rank irreducible 
angular momentum tensors is used: 

(IKA-YI" I 1 1 

= V ( 2 A + 1 ) ( 2 A ' T i y g K - i ( h ) 9 K - i ( h ) 2 n i l [ . . f K ^ h ' . (2.34) 
Q 

A similar relation is valid if A ' is replaced by j2 . The bracket in (2.34) may contain any operator acting 
in rotational angular momentum space. 

From Eqs. (1 .26) , (1 .33) , (2.32) and (2.34) the total reorientation cross section of the Kth rank tensor 
polarization is obtained: 

o r (i) • ^jtm2{2K + l)k' v ik n y n \ -' n\2 
2n j TeOK s i n # d # = Z Z Bhh" (h 1 0 h °) 

0 % K L IV 
[ ( 2 Z + 1 ) (2Z' + 1) ( 2 L + 1 ) ] - 1 (Z0 ,Z '0|L0) 2 2 (2 A + 1 ) (2 A '+ 1) (A 0,A' 0 | LO)21 V1,1? | 2 . (2.35) 

XX' 

IK Here, the coefficient B j j ^ is given by 

Blhn' =9k-i (A) (A 0, z 0 I A ' 0)2 [9K-i(h) - ( - l ) K 9K-i (h) V(2 A +1) (2 h+T) JT (A A h h 
(2.36) 

From a property of the Racah coefficient follows that this coefficient vanishes for 1 = 0 or K = 0. Analo-
gously we find for the reorientation cross section (2.33) integrated over the solid angle the expression 

2 a / r e a i ? sin 0 d# = 2 2 ' 2 ' C^f (2 Z + 1 ) " i (2 t + 1 ) [ t > _ 
o n> * L i,v hi/ [Z.öi) 

[2 L+ 1 ) - 1 (Z0 ,Z '0|L0) (A 0 , Z / 0 | L 0 ) 2 (2A + 1) (2 A' + l ) (A 0, A' 0 | LO) 2 Re(F? r L Vl^'L*) 
XX' 
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Cut' =V2h + lgK-i (A) (A 0 , / 0 | ; / 0 ) (/'i o, Zj 0 I ;V 0) W(ll1j1j1; K (2 .38a) 
and 

= (A o, Z' 0 j j2 0) ( j , 0, Z/ 0 I ;V 0) [ V2j, + lgK _, (j2) W {t Z/ j2 j2; K j2') 

- ( - l ) K V 2 j 2 , + lgK_1 ( / ^ ^ ( Z ' Z i ' / V / V ^ A ) ] • (2 .38b ) 

For collisions with A = j2, e. g. elastic scattering, the coefficient C],),^ an(^ thus re0<K vanish for even K 
values. 

The important special case of a pure P^-potential, Eq. (1 .6) , is obtained if in (2.35) and (2.37) only 
the terms Z = Z1 = L, Z' = Z/ = 0 and I' = Z/ = L, Z = ZX = 0 are retained. Then Eqs. (2.35) and (2.37) reduce 
to 

2 * / rea£ } sin 0 d& = ^ 2 (2 A + 1) (2 T + 1) ( / 0, X' 0 | £ 0)!21 VT ] >2 , 
0 K* k (Z L + 1 j" XX' 

(2.39) 
and 

2 n / sin # d$ = 0 . (2.40) 
o 

For later application to the calculation of o T for the HD-HD interaction, we need the total reorientation 
cross section of the tensor polarization due to a Px (t l j • r) -potential: 

2 L o V sin # = 15 9 l ( j t ) (A 0 , 1 0 | A ' 0 ) 2 d h U 
o 

[9i(h)-9i(ti) v (2 A + 1 ) (2 A ' + 1 ) W{jx A A ' A ' ; 21) ] 2 ( U i ) ( l ^ l i !2 + | f 1 % I 2 ) . (2.41) 
x 

The r.h.s. of (2.41) is seen to be proportional to the total cross section 2 n f s i n ^ d ^ [Equations (2 .6) , 
( 2 .7 ) ] . 0 

As a simple application of Eq. (2.39) to single level (/') systems interacting via a potential (1.6) with 
L = 2 are considered. After insertion of explicit expressions for the ensuing Clebsch-Gordan and Racah-
coefficients the following ratio of the effective reorientation cross sections of vector- and tensor polariza-
tion, ov and oT, is found: 

ov/oT = 5 r e 0 l ( 1 ) / 3 r e 4 1 } = [ 4 / ( 7 + 1) — 3 ] / 3 [ 4 / ' ( / ' + 1) — 7] . (2.42) 

Equation (2.42) is important for the theory of nuclear spin relaxation in H2 and agrees with a formula 
obtained by Bloom et al.15 with different methods. In particular, for o-H9 in the ground state (/ = 1) one 
has o F / a r = 5/3 . 

In I, also more general orientation and reorientation cross sections have been introduced. They are not 
treated here since they play a role only if the nonsphericity is no longer small. Then the present DWBA 
treatment would no more be valid. 

III. Application: Calculation of the Effective Cross Sections aT and or>'T for HD (HT) at Room 
Temperature 

In this section, two important Waldmann-Snider collision integrals are calculated for HD (HT) at room 
temperature, namely the relaxation cross section of the tensor polarization, oT, and the coupling cross sec-
tion of friction pressure tensor and tensor polarization, or>'T = oT'1> . In I we derived the expressions 

aT = I f L ( p (/2 _ I ) ) 0 - i Q-2 2 JJ (2 A + 1) (2 A + 1) exp { - y2 - £ (A) - £ ( A ) } 
3 hhk'ii 

7 3 ( r e 4 1 } + r e 4 2 ) ) s i n # d # d y , ( 3 . 1 ) a n d ( 1 . 3 . 2 8 ) 
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°V,T = (JHP - *) )o" V l Q"2 I JJ (2 A + 1) (2 A + 1) exp { - y* - £ ( A ) - £ (A) } 
J hitiiii 

(3.2) and (1.3.44) 

In (3 .1) , (3 .2 ) , the symbol ( . . . ) 0 denotes an equi-
librium average, Q is the rotational partition sum 
and 

y = h k/m kB T0 , e(j) = E(j)/kB T0 

are the dimensionless relative velocity after the col-
lision and the dimensionless rotational energy, re-
spectively. The y-integration has to be performed 
such that always y2 and y'2 = y2 + Ae are positive. 
The molecular cross sections occurring in (3.1) and 
(3.2) have been defined by Eqs. (2 .10) , (2 .11) , 
(2 .32) , (2 .33) . DWBA-expressions for the corre-
sponding total cross sections (molecular cross sec-
tions integrated over the solid angle 2 7 t s i n $ d # ) 
have been given in the preceding section. They 
depend on the radial integrals V1^ {k, k') defined 
by Eq. (1 .34) . In the following, these radial inte-
grals are evaluated within a simple interaction 
model for HD (HT) molecules. 

1. Interaction Model and Scattering Amplitude 
for Asymmetric Molecules 

A simple model of a nonspherical interaction is 
studied for diatomic molecules whose centers of 
mass do not coincide with the geometric centers 
(e .g. HD, HT) . It takes into account only the re-
pulsive part of the potential and may thus be used 
for calculations of collision integrals for high enough 
temperature when the attractive interaction should 
play a minor role. The model, however, permits the 
analytical calculation of the distorted waves and the 
corresponding radial integrals Equation (1.34) . 
This is desirable since the summations over rota-
tional quantum numbers and orbital angular mo-

menta as well as the /-integration can, anyhow, only 
be performed numerically. 

Starting point for our model is a spherical poten-
tial between the corresponding homonuclear mole-
cules (e. g. Ho). This potential is assumed as 

V0(r)=U0Q(r0-r) , (3.3) 

where U 0 > 0 and r0 is the molecular diameter; the 
Heaviside step function is denoted by (9. The non-
sphericity of the homonuclear molecules is neglected. 
This is a good approximation for H 2 , D2 molecules. 
After Eq. (1 .7) , the nonspherical interaction be-
tween the asymmetric molecules linear in the small 
excentricity d is 

V (u1, iio, r ) 
= V0 (r) + Vx (r) [Pt (U, • f ) - Px (Mo • r ) ] (3.4) 

with 
V1{r) = -V,dd{r-r,) . (3.5) 

The average nonsphericity parameter e is then 
OO X 

e=lfV1dr/fV0drl=ld/r0l«l for HD) . 
o o 

After performation of all ensuing calculations for 
finite U0 the hard sphere limit t /0 ->oo is taken. 
Our model can thus be understood as the quantum 
mechanical analogue to the classical model of rigid 
loaded spheres 16. 

The radial Schrödinger Eq. (1.31) obeying the 
boundary condition (1.3) can easily be solved for 
the spherical potential Equation (3.3) . From the 
regularity of the wave function at the origin and 
continuity of the function and its derivative at r = r0 

we obtain the radial part of the distorted waves: 

(+)(k r<r0 

** { , n \h(kr)+[Budxr0) ~h(kr0)]hP (kr)/hP (&r0) . r > r 0 . 

In (3.6) one has 

B; = T~l> l> h (* r0) h[X) (k r0) - k h(* r0) A?V (k r0) ] 1 , (3.7) K rn" 

x2 = k2 — m Ujh-. (3.8) i n the text of Abramowitz and Stegun 17. The prime 
In Eqs. (3 .6) , (3 .7) , A and h[V) are spherical Bes- in Eq. (3.7) denotes the derivative with respect to 
sei- and Hankel functions of the first kind as defined the argument. Using Eqs. (3.5) — (3.8) we can im-
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i. e. for fixed x, the function (3.9) approaches zero 
rapidly with increasing / . Thus the A-summation in 
the expressions for the total cross sections may be 
truncated at a finite / m a x with only small error. It 
should be mentioned here that Gioumousis and Cur-
tiss18 obtained similar results for the scattering 
amplitude of "nearly spherical rigid bodies" but 
with quite a different method and aim. 

2. Calculation of oT and o^ for HD (HT) 
at Room Temperature 

For HD-molecules with the interaction potential 
(3.4) the selection rule (1.27) yields 

7 i = / i ' ± l , (3 .10) 

and the same for j2 . Thus only inelastic collisions 
contribute to the total cross sections and the energy 
transfer Ae may be positive and negative. But with 
the help of y dy = y dy and the energy conservation 
(1.23 a) the following equality, valid for any func-
tion F (j1 ; 2 , jx jo ; y, / ) can be derived: 

2 Jdy e x p { - r 2 - e (A ) - £ ( A ) } y2 / F (A j2,7/ 7V; 7, /) 
hh.il h' r,y'£0 

00 
= 1 fd7exp{-y2-E(j1)-e(j2)}y2/[F(j1ji,j1'jg'; 7, / ) + F Ui h> A h; ? ] • (3 .11) 
hUu'u' 0 

Ac>0 

Since after Eqs. (2.31) and (2.41) the ensuing cross 
sections are proportional to djtjt ' ( r e o = 0 ) , only 
Fa of the form 

FUi J2J1 7V; 7» 7) = (2 72 + 1) dhh- F(A A ' ; 7. / ) 

appear after Eqs. (3 .1 ) , (3 .2) . The sum over j2, j2 

thus merely gives Q, the rotational partition sum. 
Because of Ae > 0 only 

A = A ' + 1 > ^e = e (A ' + l ) - £ ( A ' ) 

have to be taken into account. 

For the calculation of oT and o'?'7 after Eqs. 
(3 .1 ) , (3 .2) , Eqs. (2 .31 ) , (2 .30) , (2 .41) and (3.9), 
(3.11) are used. For the numerical y-integration a 
Gauss-Hermite procedure is applied. A summation 
over 10 A'-values (rotational angular momenta) 
and 40/-values (orbital angular momenta) and the 
choice of 5 abscissas for the Gaussian method proved 
to be sufficient to obtain an accuracy of the calcu-
lated oT and o^-values better than 1%. The mole-
cular diameter r0 (which, in our model, is the same 

mediately evaluate the radial integrals V]^1 (k, k') 
and perform the hard sphere limit £ / 0 ->oo : 

lim Vi? (k, k')= h\d [hP(kr0)h^(k'r0)]"». 
u0—kx> m rQ K K 

(3 .9) 

It should be stressed that (3.9) contains no ad-
justable parameter. The excentricity d is determined 
by the atomic masses and by the equilibrium dis-
tance of the atoms in the molecules according to 
Equation (1 .8) . The diameter r0 can be taken from 
the viscosity cross section for classical hard spheres 

4 71 «, 

The function 1 fhjP (x) remains finite for z = 0 and 
has no singularities for z > 0 . For large A-values it 
has the asymptotic form 

for H 2 , HD, HT) has been taken from the rigid 
sphere viscosity cross section at room temperature 12. 
The excentricity d has been inferred from Eq. (1 .8) 
where the equilibrium distance of the atoms in the 
H2 molecule b = 0.74 Ä has been used. The rota-
tional temperature TTOt = h2/2 kß O has been taken 
from the literature 19. The constants used are sum-
marized in the following table: 

HD HT 

r0 in A 2.72 2.72 
d in Ä 0.1233 0.185 
Trot in K 64 57 

The next table shows the theoretical results for oT 

and 0''7, for HD at 293 K. They are compared with 
experimental values taken from measurements by 
Hulsman et al. 5 on the transverse Senftleben-Been-
akker effect of the viscosity and, for oT, also from 
measurements of the depolarized Rayleigh line by 
Gupta 6. These results have already been reported in 
a letter 20. 
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Theor. Exp. Value 
Value 

a? in Ä2 2.58 Hulsman 1970: 2.3 ±0 .07 
Gupta 1971: 2.73 + 0.14 

ov, T IN A 2 0.55 Hulsman 1970: ± (0.29 ±0 .015) 

For HT one finds the theoretical values: aT = 
7.01 Ä2 and o , ? 'r = 1.50 Ä2 but there are no mea-
surements to compare with. The agreement is good 
for o T ; the calculated "nondiagonal" collision inte-
gral oThT is too large. 

The simple interaction model could be amended 
by adding an attractive square well to the repulsive 

core. The DWBA scattering amplitude could then 
still be evaluated analytically. But now two adjust-
able parameters (depth and range of the well) would 
appear. Hopefully, a better value for or,'T could be 
found and also the temperature dependence of the 
collision integrals in the experimental range of 
50 — 300 K could be investigated. 
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Appendix A 

Properties of the Spherical Tensor Operators T\m 

Some properties of the spherical tensor operators in rotational angular momentum space 

T\i = 2 ( - 1)'-"" (/ m, j — m" 11 m) \ j m") (/ m' | (1.26) 
m" 

are listed: 
a) Adjoint operator 

ti!=\t'L r = ( - i)j-y+mT{Im. ( a i ) 
b) Trace property 

t r { T & [T{!'m-V} = &it*mm'. ( A 2 ) 
c) Coupling of two tensor operators 

T]L rfZ = 2V(2l+D(2l'~+l) W{jlj'l'-,j"k){lm,l'm'\kq)Tjlq , ( A 3 ) 
kq 

where W ( . . . ) is a Racah coefficient. 
d) Scalar product 

2 7IL ( A 4 ) 
m Z / + I 

where P> is the projection operator into the /-subspace. 
e) Scalar product — trace-relation 

2 t r { 7 % Tl [TikiqV[TlL'V}=(-l)l+k-}-r(2k+l) Wtjjj' j'-,kl)du>dmm'. (A 5) 
? 

Appendix B 

Differential Cross Sections 

The total cross sections relevant for the most important Waldmann-Snider collision integrals have been 
studied in Sect. II of this paper. Here, the underlying differential cross sections are considered. They are 
presented as Legendre-polynomial series 2a^Pjiicos#) where $ is the angle of deflection. Starting points 

R 
are, in any case, the Eqs. (1.26) , (1.29) and (1 .33) . To obtain the desired expressions, extensive use is 
made of Racah techniques. The cross sections are written such as to distinguish clearly between collision 
geometry (geometry coefficients and Legendre polynomials) and collision dynamics (radial matrix ele-
ments) . 
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1) S c a t t e r i n g c r o s s s e c t i o n 

The Legendre-polynomial series for the cross section due to a spherical potential, o 0 , is well known 4 . 
The differential cross section ox [Eq. (2.3 b ) ] due to the nonspherical part of the interaction is obtained as 

M A / W / A ' ; M ) = ^ f i l l I' Ol °> * 0 i A ' ° ) 2 (A o, o | jo o ) 2 
N- K R { L IV 

2 R e [ r j I L (k, k') r£'£> (*, k') •] ) p ß ( c o s 0 ) . (B 1) 
nx,x1x1' i 

The geometry coefficient Axx^xi,x,'. has already been explained by Equation (2 .4 ) . It is the special case 
= Z, 11 = Z' of a more general coefficient A lxx%l['ß to appear later: 

Alxr\i\LR = [ ( 2 Z + 1 ) ( 2 Z ' + 1) ( 2 L + 1 ) ] - 1 ( Z0 ,Z ' 0|L0 ) (lx0,lx01L0) 
( 2 0 , r 0 | L 0 ) ( ^ 0 , V 0 | L 0 ) ( l 0 , ^ 0 | / ? 0 ) + ( B 2 ) 
( 2 2 + 1 ) ( 2 r + l ) ( 2 ^ + 1 ) ( 2 V + l ) W(LXXX' XX-,RL) . 

2) O r i e n t a t i o n c r o s s s e c t i o n s f o r v e c t o r - a n d t e n s o r p o l a r i z a t i o n 

a) Contributions linear in the nonsphericity 

The part linear in the nonsphericity of the orientation cross section of the vector polarization, xo n ] 

vanishes [cf. Eq. ( 2 . 2 0 ) ] . For the corresponding differential orientation cross sections for the tensor po-
larization, xOee , jOev » and xo e '̂ one finds with the help of Eqs. (2 .10) , (2.12) — (2 .14) , (2 .18) and 
( 2 . 1 9 ) : 

1 Oce til A 5 k> d) = til hi k,&)= ~ ] / f ^ jx til + 1) 

I \ 2 Bxx'xtR^[e-iS^k)sindxt(k) V^ (k) ] } p ß ( c o s 0 ) , 

fl { XX'XJ 1 

A ( A + l ) l { j _ ^ j i R e [ c " « » W s i n ^ Fg? (Ä) ] } - P ß ( c o s 0 ) . (B 4) 

In (B 3) and ( B 4 ) the geometry coefficients Bxxx.R = 2 Bxx^r 2x. ( - L ) X L V ( 2 Ä + 1 ) ( 2 + 1 ) (XX 0 , 2 0 | R 0 ) , ( B 5 ) A, 

B'xxun = ( - 1 )RIB;.X'X^2XS V(2Xx + D(2Xx' + l) ( ^ 0 , 1 0 . 1 * 0 ) 
hh' 

(2X 0 , 1 0 | /? 0) W(lx 1 Xx 1; /? 2) (B 6) 

appear. The coefficient Bxx'XtR2X, has been defined by Equation (2 .19) . 

b ) Contributions quadratic in the nonsphericity 
Starting point for the calculation of the orientation cross sections quadratic in the nonsphericity is 

Equation (2 .25) . With the help of Eq. (2.12) the orientation cross section of the vector polarization is 
obtained as 

2 ( 2 2 ' (A 0, z 0 j A ' o ) (A o,ixo\ jx 0) 
n* k r {ll, w u 

WtiiiJh", 1 A ' ) (A 0, 0 I A ' 0 ) 2 2 Dlxlx^% 1 I m [ F ? (k, k') V1^ (k, kf) * ] } P Ä ( c o s 0 ) . (B 7) 

lX'XlXl' ) 

The Z)-coefficient occurring in ( B 7 ) is the special c a s e £ = l of the geometry coefficient 
D1/XLX\Lrk = ( - l ) f l + Ä 2 C FFFLIIA V ( 2 r + 1) (2 r' + 1) (r 0 , 1 0 | R 0) ( / 0 , 1 0 | R 0) W (r / 11 ; K R) , 

11 T T' \rr'K / 

( B 8 ) 
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where the C-coefficient has been explained by Equation (2.26). With the help of Eq. (2.14) the orientation 
cross section of the tensor polarization 2oee*' is found to be 

= 2 I i 2 ' ( A 0 , z 0 1 / / o ) ( A o , z A o | ; V o ) 
ft « Ii {LLlU'll 

^ ( A A ' A ; 2 A ' ) ( A O J ' O l / V O ) 2 2 ReiV^ibk')^ (k,k)*] W c o s t f ) . (B 9) 
J 

By use of Eq. (2.13) one obtains the cross section 2 o $ as 

(A A , h A ' ; k,#) = l / - f - V 2 h + T 9 l ( A ) 2 ( 2 2 ' ( A o , z o ] A 'O) ( A 0 , 1 , 0 ] j/0) 

\ 3 n* k it [ll, in, 

^ ( A A ' A ; 2 / V ) ( / 20 ,Z ' 0| ;V0 ) 2 R e [ * Ü ? [k,k')VlN< (k, k') * ] I Pji (cos $ ) (BIO) ii ' itV ) with 
FlnLxl\% =2V(2R + l)(2r+l) (rO,RO\ 20) . (B 11) 

After Eq. (2.30) the corresponding expression for 2 ö e v is obvious. 

3) R e o r i e n t a t i o n c r o s s s e c t i o n s 

The differential reorientation cross sections for the Kth rank tensor polarization, reo/P and r eö/{ ' are 
calculated according to Equations (2.32) — (2.34). One obtains 

reOK ( A A , h h ; 0 ) = - ^ f (2 £ + 1 ) 2 ( 2 2 ' Bf j x . ( A 0 , z ' 0 | a ' o ) 2 
nK R [ L it 

. 2 4 S I ' . Re [ K ? ( A ; , * ' ) F S ( A , A : ' ) * ] } P«(cos &) . (B 12) 

The coefficients An^f;/, and ß j j / have been defined earlier by Eqs. (2.4) and (2.36), respectively. 
Similarly one finds 

(2) ,. . • / • / i q \ n i 2 A : ' v } 
re0A' ( / i 7 2 , 7 l 72 J «> # ) = 2 2 2 W j / Cjrh-n* k R (w ij,' 

2 A;') (A,A')*]}pÄ(coSd) . (B 13) 
AA'AiV J 

The coefficients C and Cy / j / have been explained by Eqs. (2.38 a, b) and the ^-coefficient by Equa-
tion (B 2 ) . 

While only the corresponding total cross sections are needed for the Waldmann-Snider collision inte-
grals, the differential cross sections may be important for the description of scattering experiments, in 
particular those where the polarization of the scattered molecules is investigated. 
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